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Abstract
We develop a bicompletion theory for the category Ap0 of T0 approach spaces in the sense of
Lowen [R. Lowen, Approach Spaces: The Missing Link in the Topology-Uniformity-Metric Triad,
Oxford University Press, Oxford, 1997], which extends the completion theory obtained in [R. Lowen,
K. Robeys., Completions of products of metric spaces, Quart. J. Math. Oxford 43 (1991) 319–338]
for the subcategory of Hausdorff uniform approach spaces. Moreover, we prove it to be firmly epire-
flective (in the sense of [G.C.L. Brümmer, E. Giuli, A categorical concept of completion of objects,
Comment. Math. Univ. Carolin. 33 (1992) 131–147]) with respect to a certain morphism class of
dense embeddings.
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1. Introduction and preliminaries
The fact that products of metrizable topological spaces are almost never canonically
metrizable (or even metrizable at all) led R. Lowen to define in [8,9] the topological con-
struct Ap of approach spaces and contractions, being a common supercategory of Top (the
topological construct of topological spaces and continuous maps) and of pqMet∞ (the
topological construct of extended pseudo-quasi-metric spaces and non-expansive maps)
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way which is still concordant with the topological product of the underlying (metrizable)
topologies. For any material of categorical nature, the reader is referred to [1]. The only
notational point where we will adopt the opposite convention to the one taken in [1] con-
cerns the order relation in the fibres of a topological construct A: if A,B ∈ |A| are two
objects on the same underlying set, we will write A B and say that A is finer than B (or
B coarser than A) whenever the identity map on the underlying set is a morphism A → B .
In concrete categories, in particular those considered in this paper, embeddings are defined
to be the initial maps which are monomorphisms [1]. Whenever needed, the forgetful func-
tor from Ap (or one of its subconstructs) to Set will be denoted by · , and the same applies
for every other topological construct encountered.
For any material and notations concerning approach theory, we refer to the monograph
[9]. Further applications can be found in [11–14]. We only recall the definition of approach
spaces via gauges here. If S is a set, we write pqM∞(S) for the lattice of all [0,∞]-valued
pseudo-quasi-metrics on S, equipped with the pointwise order. An approach space X is a
pair (X,GX) consisting of a set X (called the underlying set of X) and an ideal GX in the
lattice pqM∞(X ) which is saturated in the following sense:
∀d ∈ pqM∞(X ):(∀x ∈ X, ∀ε > 0, ∀ω < ∞: ∃dε,ωx ∈ GX:
d(x, ·)∧ω dε,ωx (x, ·)+ ε
) 	⇒ d ∈ GX.
For X,Y ∈ |Ap|, a map f :X → Y is a contraction if and only if ∀d ∈ GY : d ◦ (f × f ) ∈
GX . Approach spaces and contractions form a topological construct, which we denote by
Ap. Sometimes for an approach space X, it is easier not to work with the whole gauge GX ,
but only with a so-called gauge basis D: this is an ideal basis D ⊆ pqM∞(X ) such that
GX equals the saturation of D in the above sense, i.e. such that
GX = 〈D〉 :=
{
d ∈ pqM∞(X ) | ∀x ∈ X, ∀ε > 0, ∀ω < ∞: ∃dε,ωx ∈D:
d(x, ·)∧ω dε,ωx (x, ·)+ ε
}
.
It was proved in [9] that both Top and pqMet∞ can be embedded as full concretely
bicoreflective subcategories. The respectively coreflectors T : Ap → Top and D : Ap →
pqMet∞ are easily described by x ∈ clTX(A) ⇐⇒ supd∈GX infa∈A d(x, a) = 0, respec-
tively dDX(x, y) = supd∈GX d(x, y) (for X ∈ |Ap|, x, y ∈ X, A ⊂ X ).
Refs. [4,2] were devoted to the question of which (epi)reflectors in a general category
X can be regarded as completions.
Definition 1.1. Let X be any category and U a class of morphisms of X. One says that
U is firm if there exists a reflective subcategory R of X (all our subcategories are full
and isomorphism-closed) with corresponding reflection functor, viewed as endofunctor
R : X → X, such that U = {f ∈ Mor X | Rf is iso}. Equivalently, one says that R is a firmly
U -reflective subcategory of X, or that R is a firm U -reflector.
We also recall that it was shown in [2] that in the case where X is a construct and R is a
firm U embedding-reflector (meaning that all reflection arrows are embeddings = initial
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firmness in this case implies the ‘uniqueness of completions’-property, meaning that when-
ever f :X → A belongs to U and A is in R, then there exists a unique isomorphism
h :RX → A such that h ◦ rX = f (with rX the reflection arrow of X). The motivating
interpretation is now evident: the ‘complete’ objects of X form the firmly U -reflective
subcategory R, with U the class of all ‘dense embeddings’ between objects of X; a ‘com-
pletion’ of an object X is given by any U -morphism f :X → A with ‘complete’ A, since
we have ‘uniqueness of completions’.
The prime example is given by X = Unif0, the category of T0 (hence Tychonoff) uni-
form spaces and uniform maps, with U the class of all dense uniform embeddings (note
that in Unif0 dense = epi). Here the usual Cauchy completion is a firm U -reflector.
The asymmetric version of this example is X = QU0, the category of quasi-uniform
spaces and quasi-uniform maps, with U the class of all sup-dense quasi-uniform embed-
dings (here, sup-dense = epi). The well-known quasi-uniform bicompletion [5] is a U -firm
reflector. For detail, see [3, 1.1, 1.2 and 1.6(3)].
On the other hand, the case that U is properly contained in the class of all epi-
embeddings has recently arisen with interesting density concepts strictly stronger than epi,
e.g. when R is the completion with respect to the two-sided uniformity in the category of
Hausdorff topological groups (see [2, Example 1.16] together with the celebrated result of
Uspenskij [18]), or when R is the approach completion in the category UAp2 from Lowen
and Robeys [10,9]. We briefly recall that the construct of uniform approach spaces UAp
is defined as the epireflective hull of pMet∞ in Ap, or equivalently, the full subconstruct
of Ap formed by all objects for which the gauge has a basis consisting of [0,∞]-valued
pseudo-metrics. UAp2 then denotes the full subconstruct of UAp the objects of which have
Hausdorff, whence Tychonoff, topological coreflection. This epireflection is firm with re-
spect to U = {i :X → Y | X,Y ∈ |UAp2|, i embedding in Ap, i(X ) dense in DY }.
The main goal of the paper is to extend the Lowen–Robeys completion theory to an
epireflective (bi)completion theory on the whole of Ap0 and to show that it is firm with
respect to the morphism class U = {i :X → Y | X,Y ∈ |Ap0|, i embedding in Ap, i(X )
dense w.r.t. d∗DY } (where d∗DY stands for the symmetrization of dDY ). Note that this mor-
phism class is a proper subclass of the class of all epi-embeddings of Ap0, but that it
follows from a general result developped in [6], that the category Ap0 also admits a firm
epireflector with respect to the class of all epi-embeddings!
2. (A)symmetry in Ap0
In order to define a suitable notion of bicompletions in Ap0, we ( just as in the case of
QU0) first of all have to look at a notion of symmetry for Ap0 which has to fulfill some
natural requirements: the process of ‘symmetrizing’ an object should at least be functorial,
refine the approach structure on objects and bring us into the realm of UAp2 where we
already have a suitable firmly epireflective notion of completeness at hand. If Y ∈ |UAp|,
we put Gs := {d ∈ GY | d is [0,∞]-valued pseudo-metric}.Y
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d(y, x) (for x, y ∈ X ) and also put d∗ := d ∨ d−1, which obviously is an ∞p-metric
on X. If we need it, the set of all ∞p-metrics on X will be denoted by pM∞(X ).
For any X ∈ |Ap|, G∗X := {d∗ | d ∈ GX} obviously is an ideal basis in pM∞(X )
(equipped with the pointwise order) so its saturation 〈G∗X〉 in pqM∞(X ) as defined in
the preliminaries, clearly is an approach gauge on X and we define SX := (X,G∗X). Since,
by definition, GSX = 〈G∗X〉 has a gauge basis consisting of ∞p-metrics only, SX ∈ |UAp|.
Moreover, it is clear that for every X,Y ∈ |Ap| and every contraction f :X → Y , auto-
matically f :SX → SY is a contraction as well, so we actually have defined a concrete
endofunctor S : Ap → Ap such that SX ∈ |UAp| for all X ∈ |Ap|. Note that for every
X ∈ |Ap|, X  SX.
Proposition 2.1. There exists an X ∈ |UAp2| such that X  SX.
Proof. Suppose that SX = X would hold for all X ∈ |UAp|. Then S would be idempotent,
implying that UAp would be a simultaneously bireflective and bicoreflective full subcon-
struct of Ap. But this would imply (since in follows from [9] that |UAp| ∩ |Top| = |Creg|)
that CReg (i.e. the construct of all completely regular topological spaces and continuous
maps) would be a simultaneously bireflective and bicoreflective full subconstruct of Top,
yielding a contradiction because it is shown in [7] that no non-trivial such subconstruct of
Top exists.
So we can take X ∈ |UAp| with X  SX. We use the notation Q : Ap → Ap0 for the T0-
epireflector which was described and studied in [15]. We recall from [15] that for any Y ∈
|Ap|, the Q-epireflection arrow qY :Y → QY can be taken to be the canonical quotient map
corresponding to the equivalence relation y ∼Y z :⇐⇒ ∀d ∈ GY :d(y, ·) = d(z, ·) (y, z ∈
Y ), where we endow Y/∼Y with the final approach structure for qY to obtain QY . Moreover
qY was shown also to be initial in Ap (i.e. Ap is universal in the sense of [16]).
If we can show that QX ∈ |UAp2| and that QX  SQX, we are done. We denote
the equivalence class of x ∈ X with respect to ∼X by x and it is easy to check (using
the same type of arguments as in [15]) that for each d ∈ GX , d(x, y) := d(x, y) (x, y ∈
X) defines an ∞pq-metric on X/∼X and that GQX = {d | d ∈ GX}. Because X ∈ |UAp|,
GsX = GX ∩ pM∞(X ) is a gauge basis for GX and again a routine calculation shows that
{d | d ∈ GsX} is a gauge basis for GQX , showing that QX ∈ |UAp|. This automatically
implies (see [9]) that TQX is completely regular and since it is also T0, it is automatically
T2, whence QX ∈ |UAp2|.
We now come to proving the second part. First note that, as is easily checked, qX and
qSX have the same underlying maps. It easily follows from X  SX that QX  QSX.
If now also QX  QSX would hold, the initiality of qSX would imply that SX = X,
a contradiction. To finish the proof, one now easily checks that QSX = SQX. 
As alluded to in the introduction, here a first major difference between the approach and
quasi-uniform paradigms appears. In the bicompletion theory for QU, the symmetrizer
(which is the concrete bicoreflector s : QU → Unif) plays a key role, X ∈ |QU| being
called bicomplete if and only if sX is a complete uniform space (see, e.g. [5]). Note that
s surely is idempotent. On the other hand, from the proof of 2.1 above, it is easy to see
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of convenience will be regarded as an endofunctor on Ap0, and will also be denoted by S.
Proposition 2.1 now tells us that on the approach level (even in the T0-case) the direct
analogue S of s is not idempotent! The ‘correct’ notion of symmetry and symmetrizer will
therefore only be obtained by a transfinite iteration of S. For X ∈ |Ap|, we define
S1X := SX,
Sα+1X := S(SαX),α any ordinal,
SαX :=
∨
β<α
SβX,α limit ordinal
(where the supremum is taken in the Ap-fibre of X). Because Ap is fibre-small, there exists
an ordinal αX such that SαX+1X = SαX (more precisely, αX  Card([0,∞]X×2X)).
Now put SX := SαXX. Because for each X,Y ∈ |Ap| and each contraction f :X → Y ,
we obviously have that, with α := αX ∨αY , f :SX = SαX → SαY =SY is a contraction
as well, the procedure described in fact defines a concrete functor S : Ap → UAp. Again
S restricts to a functor from Ap0 to UAp2 and will for convenience be considered an
endofunctor on Ap (or Ap0) and in all these instances be denoted as S.
Definition 2.2. We call X ∈ |Ap| symmetric if and only if SX = X.
Note that always X SX and that
X symmetric ⇐⇒ X = SX ⇐⇒ ∀d ∈ GX: d−1 ∈ GX ⇐⇒ ∀d ∈ GX: d∗ ∈ GX.
3. The bicompletion
We recall from [9] that Y ∈ |UAp| is called complete if and only if for every λY -Cauchy
filter F ∈ F(Y ) (here λY denotes the approach limit operator corresponding to GY as de-
fined in [9] and F(Y ) stands for the set of filters on Y ), i.e. for which
inf
y∈Y λYF(y) = infy∈Y supd∈GY
inf
F∈F
sup
z∈F
d(y, z) = 0,
there exists an (in case of Hausdorffness of T Y necessarily unique) y0 ∈ Y such that
λYF(y0) = sup
d∈GY
inf
F∈F
sup
z∈F
d(y0, z) = 0.
This in combination with the previous paragraph, suggests the following definition.
Definition 3.1. We call X ∈ |Ap| (approach) bicomplete if and only if SX is a complete
uniform approach space. We write bic Ap (respectively bic Ap0) for the full subcategories
of Ap (respectively Ap0) formed by all bicomplete objects.
For Y ∈ |UAp2|, the completion Y˜ constructed in [10,9] has as underlying set, the set of
all λY -Cauchy filters which are minimal with respect to the inclusion-order ⊆ on F(Y ).
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X̂ := {F ∈ F(X) |F is a minimal λSX-Cauchy filter}.
SinceSX ∈ |UAp2|, it follows from [9, (7.1.4)] that for each x ∈ X, the neighborhood filter
NTSX(x) of x in TSX is a minimal λSX-Cauchy filter, i.e. belongs to X̂. Because TSX
is a Hausdorff space, it is also obvious that kX :X → X̂: x → NTSX(x) is an injective
map.
We now come to defining an approach structure on X̂. For every d ∈ pqM∞(X ), we
define dˆ : X̂ × X̂ → [0,∞] by putting (for F ,G ∈ X̂ )
dˆ(F ,G) := sup
F∈F
sup
G∈G
inf
x∈F infy∈Gd(x, y)
and it is a routine exercise to show that dˆ is an ∞pq-metric on X̂. Because GX is an
ideal in pqM∞(X ) and because dˆ ∨ eˆ  d̂ ∨ e for all d, e ∈ GX , the set ĜX := {dˆ | d ∈
GX} is an ideal basis in pqM∞( X̂ ) and hence GX̂ := 〈ĜX〉 (where 〈·〉 again denotes the
aforementioned saturation in the approach sense) is an approach gauge on X̂.
Proposition 3.2. For every X ∈ |Ap0|, kX :X → X̂: x →NTSX(x) is an Ap-embedding.
Proof. Since we already noted that kX is an injection, only initiality in Ap remains to
be verified. Again recalling from [9] how initial lifts are formed in terms of approach
gauges, we have to show that {dˆ ◦ (kX × kX) | d ∈ GX} is a gauge basis for GX , so we are
done if we show that dˆ ◦ (kX × kX) = d for all d ∈ GX . So fix d ∈ GX , x, y ∈ X. On the
one hand, it is obvious that dˆ(kX(x), kX(y))  d(x, y) and on the other hand, we obtain
dˆ(kX(x), kX(y)) supε∈R+0 infv∈Bd∗ (x,ε) infw∈Bd∗ (y,ε) d(v,w) d(x, y). 
If we denote the Hausdorff uniform approach-completion of SX as developed in [10,9]
by eSX :SX → S˜X, by definition it follows that S˜X = X̂ and eSX = kX .
Note that it follows from the construction of S˜X in [9] that {dˆ | d ∈ GsSX = GSX ∩
pM∞(X )} = {dˆ∗ | d ∈ GSX} is a gauge basis for GS˜X . We also recall from [9] that (via the
concrete embedding described in the preliminaries) pMet∞ is embedded as a concretely
bicoreflective subcategory and that for Y ∈ |Ap|, its ∞p-metric coreflection is (Y , d∗DY ),
where dDY denotes the metric of the ∞pq-metric coreflection DY of Y . It consequently
also follows from [9, (7.1.11)] that eSX(SX) is dense in S˜X with respect to the (topology
underlying) the ∞p-metric d∗
DS˜X
.
From now on, unless stated otherwise, we assume that [0,∞] is equipped with its usual
topology, i.e. the one of the Alexandroff one-point compactification of R+.
Lemma 3.3. For every X ∈ |Ap0|, one has SX̂  S˜X.
Proof. For each d ∈ GX , d̂∗ ∈ GS˜X and since dˆ  d̂∗, also dˆ ∈ GS˜X . This shows that
X̂  S˜X, so we are done if we prove that S˜X is symmetric. Therefore, take ρ ∈ GS˜X
arbitrary. We have to show that ρ∗ ∈ GS˜X . Because eSX :SX → S˜X is a contraction,
d := ρ ◦ (eSX × eSX) ∈ GSX and because SX is symmetric, d∗ ∈ Gs which impliesSX
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( X̂,Td∗
DS˜X
) → [0,∞] and ρ∗ : ( X̂,Td∗
DS˜X
) × (X̂,Td∗
DS˜X
) → [0,∞] are continuous (with
Td∗
DS˜X
denoting the topology underlying the ∞p-metric d∗
DS˜X
). Since on the other hand,
dˆ∗ and ρ∗ coincide on the Td∗
DS˜X
-dense subset eSX(SX) of X̂ = S˜X, it follows by Haus-
dorffness of [0,∞] that ρ∗ = d̂∗ ∈ GS˜X . 
The next lemma shows that, although S is not idempotent, it changes nothing on the
level of the ∞p-metric coreflection.
Lemma 3.4. For every X ∈ |Ap0|, we have that d∗DSX = d∗DSX = d∗DX .
Proof. The second equality is obvious. In the same way, it is clear that for all ordinals α,
d∗
DSα+1X = d∗DS(SαX) = d∗DSαX . For every limit ordinal α, SαX =
∨
β<α S
βX where the
supremum is taken in Ap. Since the D : Ap → pqMet∞ is a concrete bicoreflector, and
therefore preserves initiality, it follows that DSαX =∨β<α DSβX, where the supremum
is taken in pqMet∞. This yields that d∗DSαX = supβ<α d∗DSβX (being just the pointwise
supremum). By transfinite induction it follows that d∗
DSX = d∗DSX = d∗DX . 
Since SX,SX ∈ |UAp|, their ∞p-metric and ∞pq-metric coreflections coincide (see,
e.g. [9]) and therefore in fact d∗
DSX = dDSX and d∗DSX = dDSX . However, we sometimes
keep writing the (superfluous) * in order to stress we are dealing with an ∞p-metric!
We proceed by gradually showing that X̂ and kX satisfy the required properties.
Proposition 3.5. For every X ∈ |Ap0|, we have that X̂ ∈ |Ap0| and that kX(X ) is dense in
X̂ with respect to (the topology underlying) the ∞p-metric d∗
DX̂
.
Proof. Using an analogous density argument as in the proof of 3.3, we obtain that ∀d ∈
GSX: dˆ∗ = d̂∗.
To prove that X̂ ∈ |Ap0|, take F ,G ∈ X̂ such that clT X̂({F}) = clT X̂({G}) meaning
that ∀d ∈ GX: dˆ(F ,G) = dˆ(G,F) = 0. Using 3.4 and again invoking a similar type of
density argument, we find that supd∈GSX d̂∗ = supd∈GX d̂∗ = supd∈GX dˆ∗, yielding that
∀d ∈ GSX: dˆ∗(F ,G) = d̂∗(F ,G) = 0. By definition F ,G are minimal λSX-Cauchy filters
and therefore by [9, pp. 192–193] also minimal U(GsSX)-Cauchy filters (where U(GsSX)
stands for the uniformity on X having {{(x, y) ∈ X × X | d(x, y) < ε} | d ∈ GsSX, ε > o}
as a basis. Since GsSX = {d∗ | d ∈ GSX} as remarked before, it is now easy to prove that
F ∩ G is a U(GsSX)-Cauchy filter too and hence, by minimality of F and G, automatically
F = G. This shows that T X̂ ∈ |Top0| or equivalently, X̂ ∈ |Ap0|.
In Lemma 3.3 we proved that SX̂  S˜X, which implies that d∗
DSX̂
 d∗
DS˜X
. Accord-
ing to Lemma 3.4, d∗
DX̂
= d∗
DSX̂
and because kX = eSX and eSX(X ) is dense in X̂ = S˜X
with respect to (the topology underlying) d∗
DS˜X
, kX(X ) is dense in X̂ with respect to (the
topology underlying) d∗ . DX̂
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those morphisms f for which Tf is an epimorphism in Tych, i.e. a dense map. It then
automatically follows from the stronger assertion that eSX(X ) is dense in X̂ with respect
to (the topology underlying) d∗
DS˜X
, that eSX :SX → S˜X, is an UAp2-epimorphism. We
also know that on the topological level, epimorphisms in the T0-case turn out to be quite
different from the epimorphisms in the T2 case: the epimorphisms in Top0 are precisely the
b-dense maps (i.e. those continuous functions which are dense with respect to the topology
generated by the open and the closed sets, see e.g. [17]). The problem of characterizing the
Ap0-epimorphisms remains open, but we are able to prove just what we need.
Proposition 3.6. For each X ∈ |Ap0|, kX :X → X̂ is an Ap0-epimorphism.
Proof. Take Y ∈ |Ap0| and g,h : X̂ → Y such that g ◦ kX = h ◦ kX . We have to show
that g = h. We define i :SX̂ → X̂, j :SY → Y and l : ŜX →SX̂ to be identity-carried
morphisms in Ap0 which exist becauseS refines the approach structure and by Lemma 3.3.
Because S is a concrete functor and eSX = kX , it follows that Sg ◦ l ◦ eSX =Sh ◦ l ◦
eSX whence also T (Sg ◦ l) ◦ T eSX = T (Sh ◦ l) ◦ T eSX . On the other hand T , being a
functor, maps contractions to continuous maps and sinceSY ∈ |UAp2|, TSY is Hausdorff.
Because eSX is a UAp2-epimorphism, T eSX is a dense map which in combination with
the previous yields that Sg ◦ l =Sh ◦ l, whence g = h and therefore g = h. 
We now come to proving one of our main theorems, namely the epireflectivity. This
proof mainly proceeds along the same lines as in [10,9], but here we have the interplay
with symmetry.
Theorem 3.7. For every X ∈ |Ap0|, we have that X̂ ∈ |bic Ap0|. Moreover, bic Ap0 is an
epireflective subcategory of Ap0 and for every X ∈ |Ap0|, the embedding kX :X → X̂ is
an Ap0-epireflection arrow. We denote the corresponding bic Ap0-epireflector by K (and
often consider K as an endofunctor on Ap0 for convenience) and we call K the approach
bicompletion.
Proof. We have already proved that X̂ ∈ |Ap0|, so we only should verify that X̂ is approach
bicomplete i.e. that SX̂ is complete. Because SX̂ ∈ |UAp2|, it follows from [9, (6.3.11)]
that SX̂ is complete if and only if the ∞p-metric coreflection of SX̂ is a complete ∞p-
metric space. According to Lemma 3.4 and the following remark, and using the claim
proved at the beginning of the proof of Lemma 3.5, we obtain that d∗
DSX̂
= supd∈GX d̂∗.
Since obviously supd∈GX d̂∗  d
∗
DS˜X
and because D, being a concrete coreflector,
preserves embeddings, one obtaines with a density argument analogous to the one used in
the proof of 3.3 that dDSX̂ = d∗DSX̂ = d∗DS˜X .
Since it follows from [10,9] that S˜X is a complete uniform approach space, d∗
DS˜X
is a
complete ∞p-metric and so is therefore dDSX̂ , showing that X̂ ∈ |bic Ap0|.
It remains to be verified that kX is a bic Ap0-epireflection arrow. We have already proved
in Proposition 3.6 that kX is an Ap0-epimorphism. So take a contraction f :X → Y with
Y ∈ |bic Ap0|. It remains to be shown that there exists exactly one contraction g : X̂ → Y
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us only with having to prove the existence of such g.
Take F ∈ X̂ arbitrary. Then F is a λSX-Cauchy filter and because Sf :SX → SY
is a contraction as well, with Sf = f , it immediately follows that stackf (F) is a λSY -
Cauchy filter. Because Y ∈ |bic Ap0|,SY is a complete Hausdorff uniform approach space,
so there exists a unique yF ∈ Y such that λSY stackf (F)(yF ) = 0. We put fˆ (F) := yF .
This defines a function fˆ : X̂ → Y . Because for every x ∈ X, NTSX(x) converges to x
in TSX and since TSf :TSX → TSY is a continuous map with TSf = f , it is clear
that for every x ∈ X, λSY stackf (NTSX(x))(f (x)) = 0, showing that fˆ ◦ k = f . The only
thing still needing to be proved is that fˆ : X̂ → Y is a contraction.
For each ε > 0, we will use an auxiliary function ε¯ : X̂ → X, defined in the following
way: for every x ∈ X, put ε¯(NTSX(x)) := x and for all F ∈ X̂ \ kX(X ), choose ε¯(F) ∈ X
with λSXF(ε¯(F))  ε. Now fix F ∈ X̂, Γ ⊆ X̂ and ε > 0. Then, reasoning in the same
way as in the proof of Theorem 7.1.15 in [9], and taking into account that, according to
Lemma 3.3 we obtain that (we omit writing ‘stack’ not to overload the notations):
δY
(
f
(
ε¯(F)), f (ε¯(Γ ))) δX̂(F ,Γ )+ δS˜X
(NTSX(ε¯(F)), {F})
+ sup
H∈Γ
δS˜X
(H, kX(ε¯(Γ ))).
As in [9], supH∈Γ δS˜X(H, kX(ε¯(Γ ))) ε and δS˜X(NTSX(ε¯(F)), {F}) ε, yielding that
δY (f (ε¯(F)), f (ε¯(Γ ))) δX̂(F ,Γ )+ 2ε.
Again, continuing as in the proof of [9] (Theorem 7.1.15) and using that Y SY and
SY ∈ |UAp|, whence dDSY = d∗DSY , it follows that
δY
(
fˆ (F), fˆ (Γ )) δY (f (ε¯(F)), f (ε¯(Γ )))+ d∗DSY
(
fˆ (F), f (ε¯(F)))
+ sup
H∈Γ
d∗DSY
(
fˆ (H), f (ε¯(H))).
Along the same line of the quoted proof from [9], but now using that Sf is a con-
traction (with Sf = f ) and that eSY :SY → S˜Y is an isomorphism in UAp2 (since
Y ∈ |bic Ap0|), we find that for each G ∈ X̂,
d∗DSY
(
fˆ (G), f (ε¯(G)))= λSY f (G)(f (ε¯(G))) λSXG(ε¯(G)) ε,
yielding that δY (fˆ (F), fˆ (Γ ))  δX̂(F ,Γ ) + 4ε which by arbitrariness of F ,Γ and ε
finishes the proof. 
We call the extension kX :X → X̂ the approach bicompletion of X. (We will comment
on the use of ‘the’ in the next section.) Also note that for a quasi-metric space X, viewed
as an Ap0-object, the approach bicompletion of X coincides with the usual bicompletion
of X!
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The aim of this section is to show firmness in the sense of [2,4] of the bic Ap0-
epireflector K : Ap0 → Ap0, introduced in Theorem 3.7, with respect to a certain morphism
class U that contains all kX for X ∈ |Ap0|. We first need the following lemma.
Lemma 4.1. Let X,Z ∈ |Ap0|, Y ∈ |bic Ap0| and i :X → Z an embedding (in Ap) such
that i(X ) is dense in Z with respect to (the topology underlying) d∗DZ . Let f :X → Y be
a contraction. Then there exists a unique contraction fˆ :Z → Y such that fˆ ◦ i = f .
Proof. The existence part of the proof goes along the same lines as the proof of Theo-
rem 3.7, and the uniqueness is also shown by routine verification using the fact that S
preserves embeddings (which is proved by showing S does and using transfinite induction
to finish the argument). 
We now automatically get the ‘uniqueness of completion’ property:
Corollary 4.2. Consider the bic Ap0-epireflector K : Ap0 → Ap0 and the morphism class
U := {i :X → Y | X,Y ∈ |Ap0|, i embedding, i(X ) dense in
Y with respect to (the topology underlying) d∗DY
}
.
Whenever X ∈ |Ap0|, Z ∈ |bic Ap0| and i :X → Z belongs to U , there exists a unique
Ap0-isomorphism h : X̂ → Z such that h ◦ kX = i.
Proof. This is shown in the standard way (as in the case of Unif0, QU0 or UAp2) now
using Lemma 4.1. 
We now come to stating our three concluding theorems, providing an easier charac-
terization of approach bicompleteness not involving S, and also clarifying the relation
between our approach bicompletion and the completion for UAp2 studied in [10,9].
Theorem 4.3. With the same notations as in the corollary above, K is U -firm.
Proof. Since U contains all K-reflection morphisms (see Propositions 3.2 and 3.5) and
K has the ‘uniqueness of completion’ property with respect to U , it follows from a result
from [2,4] that we only need to verify U is co-essential, meaning that whenever f :X → Y
and u :Y → Z are morphisms in Ap0 such that u,u ◦ f ∈ U , it automatically follows that
f ∈ U . So suppose f,u fulfill the mentioned data. It directly follows that f is an embed-
ding (in Ap0) and since T ,D and S preserve embeddings, (T and D because they are
concrete bicoreflectors and for S this was remarked in the proof of 4.1) TDSf , TDSu
and TDSu◦TDSf = TDS(u◦f ) are embeddings in Top0. Since u,u◦f ∈ U the maps
TDSu and TDSu ◦TDSf are dense, so TDSf must be a dense map too, showing that
f ∈ U and we are done. 
Theorem 4.4. For every X ∈ |Ap0|, the following assertions hold:
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(2) SX̂ = S˜X.
Proof. (1) This follows directly from the fact that, because SX ∈ |UAp2|, SX is a com-
plete Hausdorff uniform approach space if and only if ( X,d∗
DSX) is a complete ∞p-metric
space, and from Lemma 3.4.
(2) This is a direct consequence of Lemma 4.1, and the facts that S preserves embed-
dings (see the proof of Lemma 4.1) and that d∗
DSX̂
= d∗
DSX which was shown in the proof
of 3.7. 
Theorem 4.5. On UAp2 the approach bicompletion K coincides with the approach com-
pletion established in [10].
Proof. Fix X ∈ |UAp2|. For notational convenience, we put Xd := (X,d) for every
d ∈ GsX and we also make no distinction between an ∞p-metric space and its corre-
sponding UAp2-object. It was proved in [9] that the diagonal map ΔX :X →
∏
d∈GsX Xd
is an embedding in Ap. As noted before, for every d ∈ GsX , the ∞p-metric completion,
the ∞pq-metric bicompletion and the Lowen–Robeys approach completion all coincide
with the approach bicompletion kXd :X → X̂d . (Note that one can perform exactly the
same completion construction for the non-T0 objects Xd in Ap, obtaining that the kXd still
are initial, but no longer mono). Then it is easy to see that Z :=∏d∈GsX X̂d (where the
product is performed in Ap) belongs to UAp2 and that e := (
∏
d∈GsX kXd ) ◦ ΔX :X → Z
is an embedding. Since Z ∈ |UAp2|, its ∞pq-metric bicoreflection is already a metric
space and therefore coincides with its ∞p-metric bicoreflection (see [9] for detail). Define
Y := clTDZ(e(X )) and equip it with the subspace structure it inherits from Z. Because
D (as a concrete bicoreflector) preserves initial sources, we then easily obtain (using The-
orem 5.4 above and Theorem 6.3.11 from [9]) that Y must belong to both bic Ap0 and
cUAp2. Because e(X ) is dense in Y with respect to TDY and since (abusing notations)
e :X → Y is an embedding in both Ap0 and cUAp2, the ‘uniqueness of completion’ prop-
erty Corollary 5.2 above (for the approach bicompletion) and [9, Theorem 7.1.18] (for the
Lowen–Robeys approach completion) yield the existence of Ap-isomorphisms h : X̂ → Y
and l : X˜ → Y such that hkX = e = leX , finishing the proof. 
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